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Elongation of a helical bacterial flagellar filament subjected to fluid flow was calculated on the assumption that one end of 
the filament is firmly attached to a substratum. It was found that the quantity [E(d/2?rr)* +2p] could be determined by 
measuring the elongation at various flow rates, where E is Young’s modulus, p the modulus of rigidity, r the radius of the 
helix, and d the helical pitch. Experiments were carried out to determine the above quantity for Salmonella flagellar filaments 
assuming a close-coil form. Because the above quantity is almost equal to 2~ for a helical form with a large radius/pitch ratio, 
we were able to determine the modulus of rigidity for this kind of flagellar filament from plots of elongation vs. flow rates. The 
modulus of rigidity was determined to be about 1 X10” d yn/cm*, i.e., 2 orders of magnitude larger than the previously 

estimated value. 

1. Introduction 

Bacteria swim by rotating helical flagellar fila- 
ments, which are thin (diameter about 20 run), 
long (up to lo-20 pm) tubular structures com- 
posed of a single kind of protein subunit [l]. It is 
now established that each flagellar filament is 
rotated by a structure (the basal body) buried in 
the membrane [2-41. Therefore, the flagellar fiia- 
ment is essentially a solid propeller. 

The flagellar filaments must have appropriate 
elasticity and rigidity to function as an efficient 
propeller. To provide a basis for measuring these 
values by experiments, we calculated the elonga- 
tion of a bacterial flagellar filament subjected to a 
flow of the medium [5] (hereafter referred to as 
Part I). According to that theory, the quantity 
[E(d/27rr)’ + 2~1 could be obtained by measur- 
ing the elongation, where E is the Young’s mod- 

ulus, ~1 the modulus of rigidity, r the radius of the 
helix and d the helical pitch. In that calculation, 
we assumed that the flagellar filament is attached 
to a substratum by one end and can freely rotate 
around its helical axis. In actual experiments, how- 
ever, we found that one end of the flagellar fila- 
ments did stick to the glass surface but the fila- 
ment rarely rotated around its axis. Therefore, we 
consider in this paper a more realistic situation 
where the flagellar filament is attached to the glass 
surface in such a way that free rotation around the 
helical axis is not allowed. In section 2, we present 
theoretical considerations of the filament elonga- 
tion in the above situation. In section 3, we pre- 
sent results of application of the theory to the 
measurement of the modulus of rigidity of 
Sulmonellu flagellar filament. The result indicates 
that the flagellar filament has a larger torsional 
rigidity than that estimated before. 
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2. lkory 

We consider here the elongation of a helical 
flagellar filament attached to the substratum by 
one end. The filament is assumed to be attached to 
the glass slide in such a way that rotation of the 
filament is allowed only in the plane parallel to the 
glass slide. In contrast to the situation considered 
in Part I, where the flagellar filament was assumed 
to be free to rotate around its helical axis, the 
filament in the present situation receives torque 
from the fluid flow. Therefore, the twisting as well 
as the stretching of the filament must be taken into 
consideration. As in Part I, the flagellar filament is 
assumed to be a chain of N identical beads each 
being in contact with the neighbors and the N-th 
bead being attached to the glass slide. The number 
of the beads N, is expressed by 

where b is the radius of the flagellar filament and 
X the number of pitches. 

We consider first the stretching of the filament. 
Let the partial helix of the filament be the chain of 
the beads which are numbered from the i-th to the 
N-th bead. We denote the number of pitches and 
the elongation of that helix by Xi and di, respec- 
tively, X, and da being the number of pitches and 
the pitch length of the whole helix before the 
deformation. Then, Hooke’s law for that helix is 
given by eq. 3 of Part I: 

i-l 

k, Xi, c di Aidi=& (i&l), 
i 1 j=O 

(2) 

where we regard the filament as a coil spring and 
ka(h, d) is the spring constant of the coil spring 

L&71: 

k,(A, d)=g{r2+(d,2T7)2}-3’2 
x [ E( d/2nr)2 + 24 (3) 

In the present case, however, the translational 
force acting on.the i-th bead becomes 

i-l Ii \ 
(4 Thus, the angle of the i-th bead before the defor- 

where u is the velocity of the fluid flow and Z=(d) 
the translational friction coefficient which is given 

as 181 

l/2 

E=(d) = 
8,@ d2 + (24’ 

d ln[ (l/2@{ d2 + (2rr)2}1’2] . (5) 

Hooke’s law is then written as 

K( ?$)4=~%( &+ (6) 

with 

K(d) =Xk,,(X, d). (7) 

Using the same procedure as in Part I, the ap- 
proximate solution is obtained as 

d;=(d,-dI)[(i-2)-;i(i-l)(i-2)]+d, 

(i>-3), 

where 

(8) 

d, = ~z(4,)u/K(d,), 

d,=2(1-a)d,, 

and (Y is defined by 

(9a) 

(9b) 

~=~=(d,)K’(d,)u/K2(d,), (94 

the prime representing the derivative with respect 
to d,. 

Next, we consider the twisting of the filament. 
Let 0, be the angle of the first bead before defor- 
mation. If the first bead rotates by an angle 8,, the 
angle of the second bead before the deformation is 

eO+e,+,+e&v. 

If the second bead rotates by an angle e,, the 
angle of the third bead before the deformation is 

+e,-{eo(l-+)+el(l-f)+e+ 

(N- 
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mation can be written as 

i-1 

&P, + C Okqi.k (ia2J7 

k=l 

where we have defined pi and qi,k as 

(104 

(lob) 

Let the spring constant for the twisting of the 
helical filament be k,(d, 8) which is obtained 
from the configurational energy of the elastic 
flagellar filament [6,7]. The explicit expression of 
kT( d, 8) is given in appendix A. Hooke’s law for 
the twisting of the filament is then 

i-l i-l 

k, 

( 
C dj, eopi + C flkqi,k @ir= FIi (i >, 21, 

j=o k=l I 

(11) 

where Foi is the tangential force acting on the i-th 
bead. The tangential frictional force of the flow 
acting on one bead in the filament is given by [8] 

F, = Z,u, (12) 

where E, is the interaction coefficient between the 
translational and the rotational movement of the 
flagellar filament and is given by 

Z,(d) = - (16r2vhr)( { d2 +(27~)‘}~” 

x ln[ (1/2b){ d2 + (27rr)2}1’2])e’. (13) 

The tangential force acting on the i-th bead F,, is 
the sum of the tangential frictional force on the 
i-th bead and the torsional force from the (i - l)-th, 
the (i - 2)-th, . . . , and the first bead. Therefore, 
the force F,, is 

04) 

Hereafter, we will confine ourselves to the case in 
which the twisting of the filament is small. Then 
the spring constant k, can be approximated as 

follows: 

( 

i-l i- 1 

k~ ,godjs Ed?%+ c ekq!,k 
k-l 

i-l 

-k~(dOt hPi)+(kT)d C dj 

J=l 

i-l 

+&do c ekqr,k? 

k=l 

where (k,), and (k,), represent, respectively 

(k&= W(d,, @,p,)/W,, (16a) 

@T)B = %(d,, eOpi)/WOp,). (16b) 

Since we are interested mainly in the elastic prop- 
erties of a flagellar filament, we assume, as in Part 
I, that the hydrodynamical interaction varies little 
with respect to the form of the flagellar helix. 
Thus, the variation of the angle 0; can be written 
using eq. 11 along with eq. 15 as follows: 

i-l i-l 

8; = iQ, - iR c d, - is, c Bkqi.k, 
j-1 k=l 

where we have defined Q,, R and S, as 

07) 

Qi = { ~,(d,)(e,p;)*u}/K,(d,)r, (184 

R = { ~~(d,)K;(d,)(B,p,)‘u}/K~(d,)r, (18’4 

4 = - (2I,(d,)e,p;u)/K,(do)r, 084 
KT( d,) being defined by 

k,(d,, 8) = K,(d,)/e2, (19) 

and K$(d,) being the derivative with respect to 
d,. If we change the variable i to i f 1, we have 

4,, in which the coefficients Qj * r, S, *1 and 
qi *, + appear. These coefficients can be approxi- 
mated as Q;, S, and q,,& respectively, since if N is 
large, the variations of pi and qi,& are small pro- 
vided i does not tend to N (see eqs. 10). With 
these approximations the following second-order 
difference equation is obtained: 

‘i+l -{2-(i+l)vi}B, 

+{l-(i-1)vj)e,_,=Ai(iz2), (20) 
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with the initial conditions 

8, - E~;(d,)~/kr(d~, %)r, (2la) 

0, = 2Q2 - 2Rd, - 25;q&. (21b) 

In eq. 20, we have defined v, and Ai as 

vj = siqj,i- 13 (224 

A,= 
-R{(i+l)d,-(i-l)di-i} (i>2), 

f-4 - 8, (i=l). 

(22b) 

By using the same procedure as in Part I, i.e., 
replacing the terms (i + l)v, on the left-hand side 
of eq. 20 by ivi, eq. 20 is reduced to a first-order 
difference equation by the transformation 

[,=e,+,-e,: 
&-(l-ivi)S;_,=Aj (i>2). (23) 

The solution of eq. 23 is easily obtained and 6, 
becomes 

(1 -jvj)Ak_* + A, +e2 I 
(i>,3). (24 

Neglecting terms of order u3 and higher, 0, is 
approximated to be 

ei = {2Q, - 2Rd, - (2S2q*,1 + i)e, } (i - 1) + 8, 

-(Rd,/2)(i+ 2)(i-l)(i- 2) 

-(&h,)@Q, - edft (i 2 3), (25) 

where 

i-l I 

Hi = C C jPjqj,j-1. 

I=2 j=2 
(26) 

Since we have assumed that N is large, p2 and qzvl 

can be replaced by 1. Then ei becomes further 

K;(A) Z(do)u i2(i _ 1) 

2Kddo) . K(4) 
+ 2_i(do)u 3 

K (do)g%{2(i-l)+H,~ (i23). (27) 
T 1 

From cq. 27 we can calculate the total twisting 

angle 8,, which is given in appendix B. Now we 
will calculate the total elongation of the flagellum 
d,, which can be expressed as 

(28) 

pi is the number of beads per pitch of the i-th 
partial helix and is related to Ai by 

1 ‘i -= 

Pi N-itl’ (29) 

In contrast to the situation considered in Part I, p, 
is no longer a constant, but changes during twist- 
ing. If we denote the angle of a bead by 8, then the 
pitch number X of the bead is expressed by X = 
8/2r. Therefore eq, 29 is rewritten as 

I &(e,+e,) (i= l), 

1 i-l 

p,= 

I 

1 
cop, + c e/A,, + et 

(30) 
2?r(N-i+l) k=l 

(i>, 2). 

Substituting eqs. 8, 9 and 30 into eq. 28, d, 
becomes 

dT=$ +p,+e,)+& 
[ 

x (ed, + 49,,, + em - 4 
1 

+,,l 1 
r13 N_ i+ 1 e,P,(d,-d,) 

X (i-2) 
i 

-fi(i-l)(i-2))+B,p,d, 

i-l 

+ c ‘%9&kdd((i-2) 
k=l 

-~i(i-l)(i-2))+‘~1ekqi,kd, 
k=l 

+B,(d,-d,)((i-2)-ii(i-l)(i-2)) 

+eid2 . 1 (31) 
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As mentioned before, since we are dealing with 
large N, we should abandon the terms of lower 
order of N. Neglecting terms of order u3 and 
higher, we obtain the following expression for d,: 

WI Z,(d,)vN3 --- ---. 1 24 K,(d,)r 

(32) 

The first term on the right-hand side of eq. 32 is of 
the order of u, and the second terra of the order of 
u2. As mentioned in section 3, the experimental 
results show that dr is expressed well by a linear 
curve with respect to u. Therefore, we shall rewrite 
the first term (denoted by di) in a more conveni- 
ent form so that we can easily compare the theo- 
retical with the experimental result: 

Zz(d,)vA2, 
d-: = 4K(d,)b 

{ d,2 + (2Trr)z}1’2. (33) 

Using eqs. 3 and 7, we obtain another expression: 

E(d,,‘2w-)2 + 2,~ 

2w =-. 
h2,{ d,2 + (2*r)2}5’2 

d+r2 d,b4 lo[ (1,2b){ d,2 + (2ar)*}1/2] 

(34) 

which we shall use for the analysis of our experi- 
ment. 

3. Experimental 

Flagellar filaments with average lengths greater 
than 10 nm were prepared from Salmonella SJ670 
flagellin by an in vitro reconstruction method [l]. 
The flagellar filaments of this species assume a 
left-handed helical form (normal type) having a 
pitch of 2.3 pm and a diameter of Cl.4 pm at 
neutral pH values. At pH about 4.5, however, they 
take on a left-handed close-coil form with a pitch 
of about 0.5 pm and a diameter of 1.2 pm [9]. We 
took advantage of the fact that the close-coil form 
is easily elongated when subjected to a mecbnical 
perturbation and the elongation can be directly 
observed by dark-field light microscopy. A solu- 

tion of flagellar filaments was made in 10 mM 
acetic acid/sodium acetate buffer, pH 4.5, to give 
a protein concentration of about 0.02 mg/ml. A 
drop of this sample was placed on a glass slide and 
covered with a cover-slip: to provide enough space 
for the medium to flow, a small amount of Vaselin 
was placed on two opposite edges of the cover-slip 
before it was positioned on the specimen. Flow of 
the medium was produced by placing a drop of the 
buffer solution and a filter paper tip at two oppo- 
site sides of the cover-slip that had not been sealed 
with Vaselin. The specimen was observed with a 
dark-field microscope as descibed previously [9]. 
The images were recorded with an SIT TV camera 
(Ikegami Tsushinki Co., Tokyo) and a Sony 
VO5850 video recorder (Sony Co., Tokyo), and 
analyzed frame-by-frame on the TV monitor. The 
velocity of the flow was estimated from the dis-, 
placement of fine dust particles, which were inevi- 
tably contained in the flagellar specimen, passing 
by the flagellar filaments being analyzed. 

Flagellar filaments have a natural tendency to 
stick to a glass surface by one of the two ends, the 
end corresponding to the proximal one in living 
bacteria [lo]. Most of the filaments can pivot 
around the attachment site in the plane parallel to 
the glass surface, but cannot rotate around their 
helical axis. When flow is present in the medium, 
the flagellar filaments tend to be aligned in the 
direction of the flow and extended elastically in 
that direction. Fig. 1 shows images of a flagellar 
filament of the close-coil type extended in the 

Fig. 1. Elongation of a close-coiled flagellar filament under 
flow. TV recording of dark-field microscope images. The upper 
end of this filament is attached to the glass surface. Scale bar: 
2pm. 
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presence of different magnitudes of flow. This 
particular filament had about 5.3 helical turns and 
an end-to-end length of about 3 pm when flow 
was absent. When the medium was made to flow, 
however, the end-to-end length of this helix was 
increased up to 6 pm. Apparently, this elongation 
did not accompany the unwinding of the helix. 

We recorded about 50 filaments elongated un- 
der flow. For analysis of the image, we chose two 
recordings that allowed us to measure both the 
filament length and the flow rate over a wide 
range. Fig. 2 shows the length-flow rate relation 
for these fibers. The data have large scatter, mainly 
owing to the difficulty in accurately measuring the 
flow rate near the specimen, but suggest a linear 
relationship between the length increase and the 
flow rate under these conditions. At higher flow 
rates, the flagellar filaments underwent a struct- 
ural transition into another helical form (normal 
type) with a larger pitch, making the measurement 
of elastic elongation impossible. That structural 
transition can be induced by mechanical force has 
been reported previously Ill]. 

We calculated the value of [E(do/2nr)2 + 2~1 
using eq. 34 and assuming b to be 10 nm [12]. The 
value of de was obtained by extrapolating the 
data to u - 0. and the number of helical turns X 

I I I I 

0 50 100 150 
v (p-44 

Fig. 2. Dependence of the end-to-end length I on the flow rate 
II. (0 and 0) Data on flagellar filaments with helical turn 

numhers of 11.5 and 6.5, respectively. 

and the radius of the helix r by visual inspection 
of the image (fig. 1). These values must have errors 
up to +O.l pm (d,), kO.5 (X) and +O.l pm(r). 
The two sets of data in fig. 2 both yielded the 
value of [ E(d,,/2~r)~ + 2~1 to be about 10” 
dyn/cm’. For a helical form with a large helical 
diameter/pitch ratio, such as that examined here, 
we could regard [E(d,,/2nr)* + 2~1 as being al- 
most equal to 2~, because the orders of magnitude 
of E and p are probably similar and (d,,/27~)~/2 
is much smaller than unity (in the present case, 
(do/27rr)2/2 = 0.02). Thus, the modulus of rigid- 
ity p was practically determined. Among possible 
sources of errors in the above calculation, the most 
critical one is the estimation of b, which is con- 
tained in the form of b4 in eq. 34. We must pay 
attention to the fact that a flagellar filament actu- 
ally has a complex internal structure with a hollow 
core at its center [12]. In such a case, the b value 
used for the calculation of elastic properties must 
be smaller than the outermost radius of a flagellar 
filament, while b should be equal to the outermost 
radius for the calculation of the force caused by 
the fluid flow (see Part I). In practice, we may 
choose an ‘effective’ b value: it must be smaller 
than the outermost radius, which has been esti- 
mated to be close to 0.01 pm [12,13]. If we assume 
b to be 0.008 and 0.007 pm, p would become 
about 5 X 10” and 9 X 10” dyn/cm2, respectively. 
Therefore, it would be safe to conclude that the 
modulus of rigidity of the flagellar filament is of 
the order of 1011 or 1012 dyn/cm2. 

4. Discussion 

We have determined the modulus of rigidity of 
bacterial flagellar #filaments, applying a new theory 
to microscopic observation of single filaments of 
the close-coil type extended under flow. This is the 
first direct determination of the modulus of rigid- 
ity of a flagellar filament. 

By analysing quasi-elastic light scattering spec- 
tra of flagellar solutions, Fujime et al. [14] mea- 
sured the flexural rigidity of the flagellar filaments 
to be 2-4 x lo-” dyn cm2. From this value and 
the assumption that a flagellar filament is a tube 
having an inner and outer diameter of 110 and 120 
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A, respectively, they have estimated Young’s mod- 
ulus E to be of the order of 10” dyn/cm2. How- 
ever, recent structural studies have indicated that 
the inner diameter of a flagellar fiber is much 
smaller and the outer diameter much larger than 
they assumed: less than 30 and about 200 A, 
respectively [15]. If we use these values for the 
estimation, E becomes of the order of lOlo 
dyn/cm2. Therefore, the order of magnitude of E 
appears to be similar to or smaller than that of P. 
This estimation supports the view that what we 
measured in this experiment, [ E(d,/27rr)* + 2~1, 
is almost equal to 2p. 

Berg 1161 found that a bacterial cell that was 
tethered to the glass surface by a single flagellum 
and rendered nonmotile by depletion of energy 
displayed a fluctuation in the angular orientation. 
The magnitude of the fluctuation was a few de- 
grees. He attributed this to the thermal fluctuation 
in the twist of the flagellar filament and estimated 
the torsional constant B to be of the order of 
IO-” dyn cm for a filament 1 pm long. In that 
calculation he used the flexural rigidity measured 
by Fujime et al. and assumed that Young’s mod- 
ulus is close to 2~. Since B = nb4p/2L (L, length 
of the filament), the above value indicated that Al. 
is of the order of lo9 dyn/cm2, i.e. 2 or 3 orders of 
mangitude smaller than what we measured in this 
study. There are several possible reasons for this 
discrepancy. For example, the basal hook or the 
basal body of a flagellum may have a much smaller 
modulus of rigidity than the filament and the 
angular deviation observed in the tethered 
bacterium could be due mainly to the twist in 
these parts. 

The torque generated by the flagellar basal 
body has been estimated to be of the order of 
10-i’ dyn cm [Xl, which is the same as that of the 
torsional constant estimated by Berg. These esti- 
mated values lead to the prediction that a flagellar 
filament 1 pm long must be twisted by the order 
of 1 rad (or 57O) by the rotating basal body. A 
twist of 1 rad/pm would bring about a consider- 
able deformation of the flagellar helical structure 
which normally has a structural twist of 27r rad/2.3 
pm or 2.7 rad/pm. If, however, we adopt the 
modulus of rigidity obtained in this study, we 
could expect that the twist of the flagellar filament 

would be of the order of 0.01 rad. 
In conclusion, our present study indicates that 

the bacterial flagellar filament has a large modulus 
of rigidity that is sufficient to keep the torsional 
deformation negligible under natural conditions. 
We could regard the flagellar filament as a solid 
propeller. 

Appendix A 

Bug1 and Fujita [6] showed that the configura- 
tional energy of the helical cylinder U can be 
written as 

U=;nb4~{E(v~O)2+2p(r-~O)2}, (Al) 

where [ is the contour length, and K and r the 
curvature and the torsion, respectively; I(,, and me 
are expressed by r and d as follows: 

Ko-T/{~2+(d/2T)2}, (A24 

r,,=d,/2n{r2+(d/2s)‘}. (A2b) 

Suppose the deformation of the helix is such that 

x=rcos 9 x = r’ cos f?’ 
y = r sin B + y = r’ sin 8’ (A3) 
z = d8/27r z = de/2r 

In this case the variation of the configurational 
energy AU becomes 

x [ E(d/27~)~ + 2p] (Ae)‘, 644) 

where we have defined de as 

~e=e’-8. (A5) 

On the other hand, if we regard the helix as a coil 
spring with the torsional spring constant kr, the 
variation of the energy through the deformation 
rA0 is k,(rAd)2/2. Therefore, comparing the coef- 
ficients of (A8)2, we obtain the following expres- 
sion for k, 

kT=:rb4(d,‘2vrre)2{r2+(d/2n)2}-2 

x [E(d/‘2mr)‘+2p]. (‘46) 
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Appendix B 

We can calculate the total twisting angle dT 
from eq. 28: 

N-l 

b= c 8, 
i=l 

1 G(4) 
+v(N-l)--.- 

24 G(4J) 

. %(do)u 

K(4) 
A’( N - l)( A’ - 2)(3N - 1) 

+ ‘;(T;;’ {2N(N- 3)+2H+4} 
T 

where H is defined as 

H=?? ++;._2)i 
r=3 I-2 j=2 

j-2 , * \ 
Q-32) 
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